Class XII: Mathematics
Chapter 10: Three Dimensional Geometry

Chapter Notes

Key Concepts

1. The angles a, p and y which a directed line L through the origin makes
with the x , y and z axes respectively are called direction angles.

If the direction of line L is reversed then direction angles will be n-a , n-f ,
=Y.

2. If a directed line L passes through the origin and makes anglesa ,f and y

respectively with the x , y and z axes respectively , then
L = cosa, m= cosP and n= cos y are called direction cosines of line L.

3. For a given line to have unique set of direction cosines take a directed line.

4. The direction cosines of the directed line which does not pass through the
origin can be obtained by drawing a line parallel to it and passing through the
origin

X

5.Any three humbers which are proportional to the direction cosines of the
line are called direction ratios. If A , m, n are the direction cosines and a, b,c
are the direction ratios then A=ka , m=kb, n=kc where k is any non zero real
number.

6. For any line there are an infinite number of direction ratios.
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7. Direction ratios of the line joining P(Xy, Y1, z1) and Q(Xz, Y2, z2) may be
taken as,

- - - X1=X5 Y,-Y
X5 =X Yo=Y Z5-Z 122 Y172 -
2 M , 2 71 , 2“1 or , , Z1-7Z>

8. Direction cosines of x-axis are cos0, cos 90, cos90 i.e. 1,0,0
Similarly the direction cosines of y axis are 0,1, 0 and z axis are 0,0,1
respectively.

9. A line is uniquely determined if

1) It passes through a given point and has given direction
OR

2) It passes through two given points.

10. Two lines with direction ratios a;, a,, as and by, b, bsrespectively are
perpendicular if:
a,b, +ab, +cc, =0

11. Two lines with direction ratios a;, a,, as and by, b, bsrespectively are

parallel if 2t = E—l =

a2 2 CZ
12. The lines which are neither intersecting nor parallel are called as skew
lines. Skew lines are non coplanar i.e. they don't belong to the same 2D
plane.
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GE and DB are skew lines.
13. Angle between skew lines is the angle between two intersecting lines

drawn from any point (preferably through the origin) parallel to each of the
skew lines.

14. If two lines in space are intersecting then the shortest distance between
them is zero.
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15. If two lines in space are parallel, then the shortest distance between
them is the perpendicular distance.
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16. The normal vector often simply called the "normal," to a surface; is a
vector perpendicular to that surface.

+———— Nomal

+——— Plane

17. If the three points are collinear, then the line containing those three
points can be a part of many planes
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18. The angle between two planes is defined as the angle between their
normals.

19. If the planes A, x+B,y+ C,z+D,=0 and
A,x+B,y+C,z+D, =0 are perpendicular to each other, then
AA,+BB,+C,C, =0

20. If the planes A x+B,y+ C,z+D,=0 and

A,x+B,y+C,z+D, =0 are parallel, then

Al — Bl — Cl

A, B, C

21. The angle between a line and a plane is the complement of the angle
between the line and the normal to the plane.
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22. Distance of a point from a plane is the length of the unique line
from the point ;o the plane which is perpendicular to the plane.

\‘/ -

Key Formulae

1. Direction cosines of the line L are connected by the relation
+m?+n® =1

2. If a, b, c are the direction ratios of a line and A,m,n the direction
cosines then,

(=t—2 _ m==z b n=t ¢

Ja2+b?+c? Ja+b2+c? va?+b2+c?
The direction cosines of the line joining P( x,,y,,z,) and Q( x,,y,,z,) are
3. X27Xy YooYy 4 -7
PQ " PQ " PQ
where PQ=\i’(x2-x1)2+(y2-y1)2+(22-21)2

Vector equation of a line that passes through the given point whose position vector
4. is a and parallel to a given vector b is

r=a+\b

If coordinates of point A be (xy,y4,z;)and Direction ratios of the line be a, b, c
5. Then, cartesian form of equation of line is:

X_Xl _ y_yl _ Z_Zl

a b C
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6.
If coordinates of point A be (x;,Y;,2z;)and direction cosines of the line be /,m,n

Then, cartesian equation of line is:
X1 _ YY1 _2%
1 m n

7.
The vector equation of a line which passes throughtwo points whose position vectors are

a and b isF=a+x(b-3)

8.

Cartesian equation of a line that passes through two points (x,, y,, z;) and (x,, y,, z,) is
XXy _ YV, _ 272

X=Xy YY1 Z,-2,

9. Angle 6 between two lines L; and L, passing through origin and having
direction ratios a;, by, ¢c; and a,,b,, ¢ is

a,a,+b,b,+c,C,

Ccos0 =
\ja12+b12+c12 \/a22+b22+c22 ‘

0= \/(albz—a2b1)2+(b1c2—b2c1)2+(c1a2—c2a1)2

\/alz +b,2+c¢,? \/ a,%+b,2+c,?
10.§hort_est distancgbetvleen two skew lines L and m,
r=a,+Ab, and r=a, +ub, is

Or sin

b,xb,.(a,-a,)

el |

11. The shortest distance between the lines in Cartesian form
X-X, _ YY) _Z°Z and X-X, _ YY) _2°Z,

a, b, C, a, b, G,
is given by
X27X1 Y2 Y1 474
al bl C1
a2 b2 CZ

d

\/(blcz'bzcl )24‘((:1‘-:‘2'(:2‘-:]1)2 +(a,b, 'a2b1)2
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12. Distance between parallel lines r=a, +Ab and F=a, +b is

o |BxEa
b

13. Equation of a plane which is at a distance d from the origin, and A is the
unit vector normal to the plane through the origin in vector form is

rn=d

14. Equation of a plane which is at a distance of d from the origin and the
direction cosines of the normal to the plane as |, m, n'is
IX + my + nz = d.

15. Equation of a plane perpendicular to a given vector N and passing
through a given point a is (r-a).N=0

16. Equation of a plane perpendicular to a given line with direction ratios A,
B, C and passing through a given point (xy, y1, z1) is
AX-X1)+B(y-yi1)+C(z-2z1)=0

17. Equation of a plane passing through three non-collinear points in
vector form is given as

(r-a).[(b-a)x(c-a)]=0

18. Equation of a plane passing through three non collinear points (xi, i,
Z1), (X2, Y2, Z2) and (xz, y3, z3) in Cartesian form is

X'Xl y_y]. Z_Zl
Xa=X1 Y2-Y1 Zp-%|=0
X3—=X1 Y3-Y1 Z3- 4

19. Intercept form of equation of a plane
5+%+E = 1 where a, b and c are the intercepts on X, y and z-axes
a C
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respectively.

(a,o,m

X

20. Any plane passing thru the intersection of two planes r.n, =d; and
r.n, =d, is given by,
r.(n, +An,) = d, + Ad,

21. Cartesian Equation of plane passing through intersection of two planes
(A1X +Bly +C12'd1 + 7\,(A2X+Bzy+C2Z'd2) =0

22. The given lines r=a, + Ab, and f = a, + b, are coplanar if and only
o) 5 5) -

23. Let (x,,y,,2z,) and (x,,Y,,Z,) be the coordinates of the points M and N

respectively.
Let a;, by, ciand a,, by, ¢, be the direction ratios of b—1 and I:T2 respectively.
The given lines are coplanar if and only if
X7Xy Y2Y: 474
a, b, c, |=0
a2 b2 C2

24.If n,and n, are normals to the planes

rn, =di;and r.n, = d, and 6 is the angle between the normals drawn from
some common point then

n,.n,
]
25. Let 0 is the angle between two planes A;x+B;y+C;z+D;=0,

A2x+Bzy+sz+D2=O
The direction ratios of the normal to the planes are A;, B;, C; and A;, B,,, C..

AA,+BB,+C,C, |
\/A12+BIZ+C12 JA22+BZZ+C22 ‘

Cos 0=

Ccos 06 =
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26. The angle 6 between the line and the normal to the plane is given by

B
COoSO=|——
[e[l
5|
or sin ¢= ‘B qH where ¢ =90° — ¢
n
B, L aN-d
27. Distance of point P with position vector a from a plane rN=d is %
where N is the normal to the plane
d

28. The length of perpendicular from origin O to the plane rN=d is W

where N is the normal to the plane.
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